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The Leech lattice is a 2bdimensional lattice whose automo~hism group 
is the double cover 2 ‘Co, of Conway’s group Co, (see [ 3, p. 1801). From 
it the other Conway groups Co, and Co,, McLaughlin’s group McL, and 
the Higman-Sims group HS, may be obtained by fixing certain sets of 
vectors. 
The lattice played a central role in the determination of the maximal 
subgroups of Co, (see [ 10)) and Co L (see [ 1 I]). The crucial observation 
is that if a group fixes a non-zero vector in a rational representation then 
it fixes a non-zero vector in any reduction of this representation modulo 2. 
One of the aims of the present paper is to generalise this result, and put it 
in its proper context in modular representation theory. 
The other main aim is to apply this result to other Leech lattice groups, 
and so give a uniform classification of the maximal non-local subgroups of 
McL and Co, (originally determined by Finkelstein in [S]) and HS 
(originally determined by Magliveras in [S] ) and Co, (see [lo]), as well 
as the automorphism groups McL:2 of McL and HS:2 of HS (originally 
determined in [ 127). 
In Section A we study the geometry of the Leech lattice in detail. 
Section B contains the representation theory we need in Section C to 
determine the maximal non-local subgroups of the various groups. Finally 
in Section D we show how to obtain various graphs from the Leech lattice 
and in particular deduce that the groups we are studying really are 
isomorphic to McL, HS, and U,(2). 
It should perhaps be stressed that few, if any, of the results in this paper 
are new, although a number of them have not appeared in print before. 
My intention has been rather to present a unified picture of the relation 
between the subgroup structure of the various groups involved, and the 
geometric structure of the Leech lattice. 
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TABLE I 
Orbits of Co, on A/2A 
Type Centralizer 
2 co2 
3 co3 
4 2": M, 
A. GEOMETRY 
The Leech lattice n can be defined (see [2]) as the (unique!) 24-dimen- 
sional even unimodular lattice with no vectors of norm 2. More explicitly, 
following [ 11, we take .JI to be the lattice spanned by the vectors (2’, 016) 
whose support is an octad of the Steiner system 9’(5,8,24), together with 
all permutations of ( +4*, O**) and ( - 3, lz3). The inner product of 
(X 1, . . . . x2J and (Y,, . . . . y,,) is defined to be 4 x2, xiyi. A great deal of 
info~ation about the geometry of the Leech lattice can be found in 
Conway’s original paper Cl]. In particular it contains the following 
fundamental result: 
TABLE II 
Orbits of Co, on 2-Spaces of Aj2A 
Representative vectors Type Centralizer Automizer 
(a) (4, -4, O”‘), (0,4, -4,O”) 222 W,(2) 4 
tb) (4,4,0*?, (-3, 123) 223 McL 2 
(cl (8, m t4*, 0**1 224 2'O: M**: 2 2 
(4 (4, -4,O**), (5,1z3) 233 HS 2 
(e) (2', - 2,4, O"), (022, 42) 233, U,,(3): 2' 2 
If) (8, 02v, (-3, I27 234 M23 1 
tg) (8, 023), (2’9 W 244 2l+8. A 
3:: M,, * 
2 
(h) (5, lZ3), (O’*, 27 333 s3 
(i) (5, 123),(-18, 5, 1”) 333f U,(5) s3 
(j) (8, Oz3), (2', - 2,4,0") 334 2"A, 2 
(k) (8 02’) (2’* O’*) 334* 2xM,, 2 
(I) (8: 023): (-s, 121) 344 b(4): s3 2 
(ml (8, 023), (44, 0'9 444 24+'2: 3‘5, s3 
(n) (8, 023), (2”, -2,4,0”) 444 M,,: 2 ‘% 
(0) (8,0*'), (2*, 4*, 0“') 444 [Z"] : L,(2) s3 
Nore. In the Type column we list the types of the three non-zero vectors in the 2-space. 
An asterisk means that it is impossible to choose representative vectors in A adding to 0. We 
denote these 15 kinds of 2-spaces by the letters (a) to (0) so that we can refer to them later. 
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THEOREM A 1. The group Co, has just three orbits on non-zero vectors in 
A/2/1, as given in Table I. 
The 2-dimensional subspaces of A/2/1 are easy to deduce from the results 
of [l], and are listed in [3] and [ll]. 
THEOREM A2. The group Co, has just 15 orbits on 2-dimensional 
subspaces of A/24, as in Table II. 
Each of the groups Co, and Co, can be defined as the stabilizer in 2 ‘Co, 
of a suitable vector v (of type 2 or 3, respectively) in A. Each group there- 
fore has a 23-dimensional rational representation on (v ) I, which happens 
to be irreducible. There are essentially two distinct invariant lattices in this 
representation, and two corresponding ways of reducing modulo 2. These 
lattices are L n (v)l, and the projection of A onto (v)‘. It is the latter 
that we shall use, and denote by A, and A,, respectively. In this case the 
TABLE III 
Type Centralizer Orbit length 
(a) Orbits of Co, on A2/2A, 
2; 22 U,(2) 2300 
2; 23 McL 47104 
2;24 2”. . M2*: 2 46575 
2; 33 HS:2 476928 
2; 33* U,(3): 4 1619200 
2; 34 M,, 4147200 
244 2’+s:  s 8 2049300 
(b) Orbits of Co, on A,/2A, 
3; 22 
3; 23 
3; 23* 
3; 24 
3; 33 
3; 33* 
3; 34* 
3; 34 
3;44 
McL: 2 276 
HS 11178 
cJa(3): 22 37950 
M2, 48600 
35: (M,l x 2) 128800 
U,(S): 2 1967328 
2xM12 2608200 
2“ ‘A, 1536975 
L,(4): 012 2049300 
Note. In the Type column we give the type of the 
corresponding 2-space in A/2A, with the digit corre- 
sponding to the fixed vector separated by a semi-colon. 
In each case the 23-dimensional module A,/2A, has an 
invariant submodule of codimension 1. A vector is in 
this submodule if and only if the sum of the three digits 
in its type is even. 
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reduction modulo 2 can also be viewed as the representation obtained from 
/1/2,4 by factoring out the image of the fixed vector. The following results 
can now be read off from Theorem A2: 
COROLLARY A2’. The group Coz has just seven orbits on non-zero 
vectors in A,/2A,, as in Table ZZZ (a). 
COROLLARY A2”. The group Co, has just nine orbits on non-zero vectors 
in A3/2.4,, as in Table ZZZ(b). 
The 3-dimensional subspaces of 4211 are rather harder to classify, 
although there is no di~culty in principle! We shall give here only a partial 
list. 
THEOREM A3. The group Co, has 36 or 37 orbits on those 3-dimensional 
subs~a~es of A/2A which contain a ~-dimensional subspa~e of type 222, 223, 
or 233 (that is, type a, b, or d), as described in Table ZV. 
Before we sketch a proof of this theorem we state three corollaries, as 
it is easier to prove the theorem and corollaries together rather than 
separately. 
Each of the groups McL and HS can be defined as the centralizer of a 
suitable 2-dimensional sublattice of A. In Conway’s notation Cl], the 
centralizers are ‘223 and ‘233, and the corresponding normalizers are *223 
and *233. We will use the more usual notation: 
McL = ‘223, McL: 2 = *223 
HS = ‘233, HS:2=*233 
but we postpone until Section D the proof that these lattice stabilizers are 
actually isomorphic to the ~~utation groups defined by J. McLaughlin 
[7], G. Higman [6], D. Higman and C. Sims [S]. 
.We define Azz3 or A,,, to be the projection of the Leech lattice A onto 
the orthogonal complement of the appropriate 2-dimensional sublattice. 
The quotient spaces A,,,/2A,,, and A,,,/2~f~~~ are isomorphic to the 
quotients of A/2A by the fixed 2-dimensional subspaces. Thus we can read 
off the following results from Theorem A3. 
COROLLARY A3’. The group McL: 2 has just 1 I orbits on non-zero 
vectors in A,,,/2A,,,, as in Table V. 
COROLLARY A3”. The group HS : 2 has just 24 orbits on non-zero vectors 
in A,,,/2A,,, , as in Table VZ. 
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TABLE IV 
Some orbits of Co, on 3-Spaces of Aj2A 
NO. TYPO Representative vectors Centralizer Automizer 
1 2222224 aacacca 
2 2222444 ccgggca 
3 2242444 g-a 
4 2232333 eedddea 
5 2232333 eeeeeea 
6 2222334 bbfdfca 
7 2232344 dfffgfa 
8 2232344 effTgfa 
9 2222233 abbbeba 
10 2223344 bfjfgcb 
I1 2223434 celffcb 
12 2233444 tklggfb 
13 2233444 ljlggn, 
14 2223333 bdiddbb 
15 2233334 dhkdmt 
16 2233334 eikeffb 
17 2223333 beheebb 
18 2233334 dijefib 
19 2333344 i#Md 
20 2234344 dllfgfc 
21 2234333 dkkeeec 
22 2234333 djjedec 
23 2234333 djjdddc 
24 2333443 kkjgjed 
25 2333344 hijflfd 
26 2333344 ijkflfd 
27 2333344 ikkflfd 
28 2333443 kkkgkdd 
29 2333443 kjkgjdd 
30 2343444 Ill&d 
31 2343444 Ill&d 
32 2333443 &jed 
33 2333333 iihdhed 
34 2333333 iiididd 
35 2333333 iiidied 
36 2333333 iiieied 
(8, oy, (42, o*q, (0,42,0") 
(8,0=X (4*, O**), (2*, 016) 
(8.0*3). (28,0'6), (04, 28,O") 
(4, -4,o*q, (0,4, -4, o*l), (5, I=) 
(27, -2,4, O"), (09,42, O"), (09,4, ot4, 4) 
(8, o*3f, (-3, 12’), (4, -4,022) 
(8, o*y, (28, O’“), (123, -3) 
(8 02') (2' 016) (-3 12’) > >, , . 
(8, OZJ), (42, o**), (-33, 1”‘) 
[8,0*"), (28, O'"), (2*, 06, 26, 0"') 
(8 02') (28 0'6) (4 0' 2' -2 0'5) . , 1 ,,,, > 
(28 o'*) (5 123) (18 5 1'q I,, 1 ,, 
(8, Oz3), (2'*, O"), (-3, I=) 
(8 023) (-3 12)) (1" , , > , 3 -3, - 1’“) 
(42, o**), (5, 123), (0’2,2’2) 
(E,O*'), (-3, l*‘), (2, -2’, 4, OIJ) 
(8 0") (-3 lz3) (0” 4 -2 2’) a 9 1 , ,, , 
(8, O*'), (-3, 1, -3*, l”), (4, -4,O**) 
(s,o*'), (42, o**), (2'*,0'*) 
(8, 0"). (4, -4, O"), (-2,2', 4, 015) 
(8 0,') (4' 0") (4 O'> -2 2') %. 3 1,., 
(8,02'), (28, 016), (25, -2,O'. 26,010) 
(8,0*3), (-3, 123), (4,O’J,23, -25) 
(8,0*'), (-3, 1=),(3, -l”, -3*, 1”‘) 
(8, 02'), (-3, 1*q, (24, -28,0’*) 
(8,023), (28, Os6), (24, 04, -22, 26, OS) 
(8, Oz3), (2*, O'*), (24, O', 2', OS) 
(8, 02'). (28, O'b), (I*', -3") 
(8, O*'), (24, -24,0'6), (-32, 16, -3, llJ) 
and/or ( - 2*, 26, 016), (- 3, 1’. - 3*, I I”) 
(8 02') (28 oy (4 0) -2 2' 0'2) 3 , > 35, ,* 
(5, i*y, (0",2"), (4, -4,o**) 
(5,1*3Xf-lRl'5,5),(-3,1:-1'*,1~) 
(5, 1’31, I-l”, 5, 1’5). (08,4, -4,0i4) 
(5, 12’), (-1*, 5, l”), (06,2”. -24,010) 
29: L,(4) 
2rts. s 
2':3':26 
L,(4): 2 
3:+4: [2'3 
M** 
4 
24: A, 
U,(3) 
24:A, 
b(4): 2 
& 
2"':3*:2 
U,(5) 
M,, 
M,o 
34: M,, 
A, 
L*(7) 
24: s, 
2xA;2= 
24 'S 
4': L6,(2) 
& 
(3xA,):2 
s, 
254 
P61 
21’4.S 
(A,xA:).2* 
2 x s, 
(A,xA,):2 
MS0 
51f2.4 
Li(7i 
3*:4 
.% 
s3 
s‘? 
‘% 
s4 
2 
2* 
2' 
D* 
2 
2 
2 
2 
S3 
2 
2 
s3 
1 
2 
2 
2 
22 
D* 
2 
4 
1 
2 
4 
22 
2= 
2* 
or D, 
22 
22 
& 
DS 
D8 
Note. (1) In Case 31, I have not been able to determine whether there is one orbit of such 
3-spaces, with automizer 2’, or two orbits each with automizer D,. (2) Type here lists the 
types of the non-zero vectors, and of the 2-dimensional subspaces (see Table II). These are 
ordered so that the (n + l)th, (n + 2)th, and (n + 4)th vectors form the nth 2-dimensional sub- 
space (labels read modulo 7). 
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TABLE V 
Orbits of McL: 2 on A223/2A223 
Reference 
number Type 
Centralizer Number of 
in McL McL-orbits 
Number in each 
McL-orbit 
6 2324 M22 2 2025 
9 2223 U,(3) 1 275 
10 2434 24: A, 2 22215 
11 2344 L,(4): 2 1 22215 
12 3444 S6 1 1247400 
13 3444 22+4.32:2 
Q(5) 
1 119625 
14 2333 1 7128 
15 3334 Ml, 1 113400 
16 3334 M,ll 1 1247400 
17 2333 34: M,, 1 15400 
18 3334 A7 2 356400 
Note. Type gives the types of the four vectors in the Riven 3-space outside the fixed 2-space 
(of type 223). They are ordered so that the sum of the first two is the vector of type 3 in the 
fixed 2-space. 
In exactly the same way, the centralizer in Co, of a 2-dimensional sub- 
space of A/2/1 of type 222 is a group ‘222 which we will prove in Section D 
is isomorphic to U,(2). 
COROLLARY A3”‘. The group U,(2): S3 has just nine orbits on non-zero 
vectors in A,,,/2/1,,,, as in Table VII, 
To conclude this chapter then, we will sketch a proof of Theorem A3 and 
Corollaries A3’, A3”, and A3’“. 
In the cases where the type symbol of the 3-space contains a 4, the 
stabilizer is contained in the monomial subgroup 2” : MZ4 of Co,, and the 
problem is more or less equivalent to that of linding the orbits of this sub- 
group on the 2-spaces of types 222, 223, and 233. This is a straightforward 
(if rather long) calculation. 
Now we can easily show by counting that we have all the 3-spaces in 
A/2A, so the problem is to prove that Co, is transitive on 3-spaces of each 
of the remaining types (that is, numbers 4, 5, 9, 14, 17, 33, 34, 35, and 36 
in Table IV). Our main tool is what Conway calls the “incompatible orbit 
trick.” We illustrate this with an example, number 9. 
Using the fact that Co, is transitive on 2-spaces of type 223, we can fix 
any such 2-space, and look for the 275 type 3 vectors with inner product 
f3 with each of the type 2 vectors and orthogonal to the type 3 vector. 
Taking first the 2-space of type 223 to be spanned by the vectors (42, 022) 
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TABLE VI 
Orbits of HS: 2 on A,,,/2A,,, 
Reference 
number Type 
Centralizer Number of 
in HS HS-orbits 
Number in each 
HS-orbit 
4 
6 
I 
14 
15 
18 
19 
20 
21 
22 
23 
24 
25 
26 
21 
28 
29 
30 
31” 
32 
33 
34 
35 
36 
2233 
2224 
2244 
2323 
2334 
2334 
3434 
2444 
2433 
2433 
2433 
3344 
3434 
3434 
3344 
3344 
4444 
4444 
3344 
3333 
3333 
3333 
L,(4): 2 
MD 
ss 
U,(5): 2 
Ml, 
A7 
L*(7): 2 
24: s5 
2 x A, ‘22 
24 ‘S, 
43: L,(2) 
s5 
s3 x s5 
s5 
2.sc.2 
P71’ 
2’+4 .s 
3 
s4 wr2 
[25.3] 
[26 321 
MI, 
5y2: QD,, 
L*(7): 2 
32:Q,x2 
1 
1 
1 
2 
2 
2 
2 
1 
1 
1 
1 
1 
2 
2 
2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1100 
100 
1100 
176 
17600 
132000 
23100 
15400 
3850 
4125 
61600 
369600 
462000 
346500 
231000 
38500 
462000 
77000 
61600 
22176 
132000 
308000 
a This may split into two cases--see Remark after Theorem A3. 
Note. Type gives the types of the four vectors in the given 3-space outside the fixed 2-space 
(of type 233). They are ordered so that the sum of the first two is the vector of type 2 in the 
fixed 2-space. 
TABLE VII 
Orbits of U,(2): S, on A222/2A222 
Reference 
number Type 
Centralizer 
in U,(2) 
Number of 
U,(2)-orbits 
Number in each 
U,(2)-orbit 
2224 
2444 
4444 
3333 
3333 
2334 
3344 
3344 
2233 
29: L,(4) 
2,+*. s 
28’: 3;: ;, 
L,(4): 2 
3:f4: [27] 
M22 
& 
24.S6 
U,(3): 2 
1 891 
1 24948 
1 498960 
1 228096 
1 295680 
3 20136 
3 228096 
3 798336 
3 1408 
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and (12, - 3, 12’), we get the following four orbits under the permutation 
group L,(4): 2: 
(5, 123), Number = 2 
(32, -3, -16, 1’5), Number = 56 
(32, - 1, 3, - 14, 1’6), Number = 105 
(4, 2, -2, 26, 0’5), Number = 112 
Next, we take the 2-space of type 223 spanned by the vectors (42, 0”) and 
( - 3, 123), and we get the following three orbits under the permutation 
group M,,: 
(-3, -3, -3, P’), Number = 22 
(-5, -1, -16, 1’6), Number = 77 
( -4, - 2,2’, 015), Number = 176 
Since there is no way that the 275 vectors can fall into orbits compatible 
with both of these splittings, it follows that Co1 is transitive on the 3-spaces 
of type 9. 
B. SOME REPRESENTATION THEORY 
This section consists of a number of easy results which however do not 
appear to be well known. As I have been unable to trace them in any 
text-book I feel it is worthwhile to give complete statements and proofs. 
The first result says essentially that if you take an ordinary representa- 
tion of a group, and reduce it modulo p, then the dimensions of all the 
submodules are preserved, as is the inclusion relation. (Note however that 
intersections and sums are not in general preserved.) 
PROPOSITION Bl. Let G be a finite group, and R a principal ideal domain 
with field of fractions F. Let V be an FG-module which is finite-dimensional 
over F. Let A be any RG-submodule of V with the property that 
(or equivalently, 
rank,(n) = dim,.( V) 
A OR F= V). 
Let I be an ideal of R, and write R= RJI. For any F-subspace W of V define 
@=(WnA+Z.A)/I.A. 
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Then (i) U< W- O< q 
(ii) $ W is an FG-submodule of V then r is an KG-submodule of V; 
(iii) m is a free R-module of rank dimd W). 
ProoJ: (i) and (ii) are elementary. 
(iii) Note first that 
$v=(WnA+I-A)/I.A 
r(WnA)/(WnI.A) 
=(WnA)/I.(WnA). 
As an R-module, .4 is torsion-free and hence free, so has a basis 
Iv 1, **a, un] say. Now given an F-basis (wl, . . . . w, > of W we can write 
wi = x7= 1 ctijvj with bii IZ F. Then by multiplying up by the denominators of 
the aii we can assume WOE A. 
But Wn A is also a torsion-free (and hence free) R-module, and it 
contains the elements {w,, . . . . w,} which are linearly independent over F, 
so also over R, so 
rank,( Wn A) 3 dimA W). 
On the other hand, 
so we have equality. It follows at once that 
(WnA)/Z.(WnA) 
is a free R-module of the same dimension, as required. 
Remark. It is really the fact that W n 1. A = 1. ( Wn .4) that supplies 
the power in this proof. 
We now want to apply this result in a very special case: we take R = H, 
F= Q, I= 2H, and W a l-dimensional FG-submodule of K For the sake of 
clarity, we restate this special case. What it says essentially is that if a 
group fixes a non-zero vector before reduction modulo 2 then it still fixes 
a non-zero vector afterwards. 
COROLLARY B2. Let H be a finite group, V a finite-dimensional 
QX-module, A a ZH-module of V with rank,(A) = dim,( V). Suppose also 
that 3vcz V with v#O and (v) H= {v). Then 317~ P= A/2A with U#O and 
iiff = I in the induced action. 
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Our tinal result in this section says that there is still a fixed vector even 
if we extend the group by automorphisms of order 2. 
COROLLARY B3. With the same assumptions, suppose also that H < G, 
and V is a QG-module, A a ZG-module. Zf Out,(H) is a 2-group, then either 
(i) C,(H)# 1, or 
(ii) NG( H) fixes a non-zero vector in ‘t;i= 4’2~4. 
Proojf: If C,(H) = 1 then N,(H) = Aut,(H) = H. A where A is a 
2-group. So A acts on the fixed space of H in r’, and fixes a non-zero vector 
since F is a vector space over IF 2. 
The way we apply this result is to take G to be the (simple) group whose 
maximal subgroups we want to find, and take H to be a subgroup 
isomorphic to some other (usually simple) group. We take A to be a 
suitable sublattice of the Leech lattice. Suppose we can prove (by character 
restriction) that H must fix a vector in V. Then Corollary B3 tells us that 
H fixes a vector in A/2A, so all we have to do is classify these vectors into 
orbits under G, and determine their stabilizers (and whether these are 
maximal subgroups!). 
C. GROUP THEORY 
LEMMA Cl. None of the groups Co*, Co3, U,(2), McL, or HS contains 
a direct product of two ~o~-A~e~ian simple groups. 
Proof: The only conjugacy classes of eiements of prime order p, p > 5, 
with non-soluble centralizers, are the SB-elements in Co,, Coj, and HS. 
In each case the centraiizer is 5 x A, or 5 x S,, in which the A, contains 
SA-elements. 
It follows from this that any maximal subgroup of one of these groups 
is either a p-local subgroup for some prime p, or the normalizer of a simple 
subgroup with trivial centralizer. 
THEOREM C2. There are just five conjugacy classes of non-~o&ai m &m.d 
subgroups of Coz, as fo~lows~ 
U,(2):2, McL, HS:2, U,(3):&, MZ3. 
Proof: The simple groups whose order divides that of Co, are A,, A6, 
A,, 41, 4, AK,, -4119 Am b(7), b(8), uw, ~~(231, b(4), u,(3), 
U,(5), U,(2), U,(3), U,(2), U,(2), so), o:(2), M,,, Mm M22, Mm 
M,,, HS, McL, and J,. The outer automorphism group of each of these 
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groups has a normal Sylow 2-complement (i.e., it has the shape C ef>, 
where C is a group of odd order, and D is a 2-group). Now with the aid 
of the ATLAS [3] it is a simple matter to check that any restriction of the 
23-dimensional character of Co, to one of these simple groups, or to an 
extension by any odd order automorphism group, must contain a copy 
of the trivial character. The result now follows from Lemma Cl, 
Corollary A2’ and Corollary B3. 
THEOREM C3. There are just six conjugacy classes of non-local maximal 
subgroups of Co, : 
McL.2, HS, U,(3): 2’, M,,, U,(4): S,, L,(4): D,,. 
ProoJ The simple groups whose order divides that of Golf are A,, A6, 
An A,, 4, A,,, Ait, A,,, ~~(7)~ (8)~ ~,tw, ~,(23), ~,(4), u,(3), 
u,(5), u,(2), u.,(3), u,(2), S,(2)> MII, Mm Mm Mm Mm HS, McL, 
and J2. Again, the outer automorphism group of each of these groups has 
a normal Sylow 2-complement, and it is easy to check that any restriction 
of the 23-dimensional character of Co, to one of these groups, or to any 
extension by an odd-order automorphism group, must contain a copy of 
the trivial character, except possibly in the following cases: 
Group Character Type 
h(8) 
L2(8): 3 
U,(5): 3 
7a + 8aa 
laa + 7bcd 
laa+21a 
2B, 3A, 7A, 9A 
2B, 38,7A, 9&s.. 
. . . 
(In the last two cases, laa represents the sum of the two non-trivial 
l-dimensional characters.) Now rc0,(2B, 3B, 9B) = 0 and &-,,(2B, 3A, 7A) 
= 6, so any such subgroup L,(8) has non-trivial centralizer, and its 
normalizer is in a local subgroup. 
In the final case, we see that any U,(5) must actually fix a 2-space in A3, 
which corresonds to a 3-space of type 14 in the list in Table IV. The full 
stabilizer of this 3-space in Co, is U,(5) : S3, which has two orbits on the 
four vectors of type 3 in this 3-space. Hence there are two conjuacy classes 
of subgroups U,(5) in Co,, with normalizers U,(5): S, and U,(5): 2, 
respectively. The former group is maximal, while the latter is contained in 
both McL: 2 and HS. 
Remark. A rather more complicated proof of this Theorem, along the 
same general lines, was given in [9]. 
481/127/2-IO 
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THEOREM C223. (i) There are just six conjugacy classes of non-local 
maximal subgroups of McL: 
hf2* (two classes), U,(3), U,(5), L,(4): 2, M,,. 
(ii) There are just four conjugacy classes of non-local maximal 
subgroups of McL: 2: 
McL, U,(3): 2, U,(5): 2, L,(4): 22. 
Proof: The simple groups whose order divides that of McL are A,, A,, 
A,, A,, A,, A,,, A,,, L2(7), L,(8), Ull), &(4), u,(3), u,(5), u,(2), 
U,(3)> Ml19 Ml23 M22, and J,. Of these, A,, Al,,, A,, and L2(8) contain 
Dr8, and both M,* and J, contain 2 x A,, whereas McL contains neither 
of these groups. It is now easy to show by character restriction that any 
(proper) simple subgroup of McL must lix a non-zero vector in A,,,/A,,,, 
as must any extension by an odd-order automorphism group. 
Now consider the vector stabilizers with reference numbers 12, 16, and 
18 (see Table IV). In the three cases we take McL to be the stabilizer of the 
pair of vectors 
((28, 016), (22, 06, 26, 0’0)) in case 12, 
((-3, 123), (l”, -3, -112)} incase 16, 
or (( -3, 123), (2, -2’, 4,O”)) in case 18, 
and fix the further vector (8, 023) (modulo 2A223). By inspection, the corre- 
sponding stabilizers fix the Leech lattice vectors 
(42, 022), 
(4, O’O, - 4,0’2), 
v*, 0’7, 
and 
respectively, and so fix the vectors in A,,,/2A,,, corresponding to the 
3-dimensional sublattices generated by: 
(42, 022), (28,0’6), (22, 06, 26, 0’0) 
(4, O’O, -4,09,(-3, P), (l”, -3, -1’2) 
(28,019, (-3, 123), (-18, -3, 1’5) 
each of which is of the type represented by number 9 in the list in Table IV. 
Hence each of these vector stabilizers is contained in U,(3), and similarly 
their normalizers in McL : 2 are contained in U,( 3) : 2. 
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THEOREM C233. (i) There are just seven conjugacy classes of non-local 
maximal subgroups of HS: 
U,(5):2 (two classes), i%ftz, L,(4):2, Ss, Ml1 (two classes). 
(ii) There are just three conjugac~ classes of non-~o~aI rnax~~na~ 
subgroups of HS : 2: 
HS, L,(4): 22, M,,: 2. 
Proof: The simple groups whose order divides that of HS are A,, Ag, 
4, A,, L,(7), L,(8), L,(ll), L,(4), U,(5), Ml,, and M,,. Of these, L,(8) 
contains elements of order 9, whereas HS does not. It is now easy to check 
that any proper simple subgroup of HS must fix a non-zero vector in 
433/%‘337 as must any extension by an odd-order automo~hism group, 
with the single exception of a subgroup A, of type (23,3A, 5A). But the 
structure constant <n&B, 3A, 5A) = &, so any such A, has a non-trivial 
centralizer. 
It remains to show that the stabilizers of the vectors numbered 18, 19, 
24, 26, 33, and 35 are not maximal in HS or HS:2. In the cases 24 and 35 
this is clear as the group is centralized by an outer automorphism of HS. 
In cases 18, 26, and 33, the stabilizer also fixes the Leech lattice vector 
(18, -3, 1’5) in case 18 
(0'2,44,0'~) in case 26 
(8, 023) in case 33, 
and hence fixes the vector in A233/2A233 corresponding to the 3-space 
generated by the vectors: 
(-3, P), (-1*,5, P),(18, -3,1’S) 
(012,212), (- 3, i2q, (012,42, 0’0) 
(8, 023), (4, -4, O”), (5, 123). 
These are of type 6, 14, and 6, respectively, in the list in Table IV, so the 
vector stabilizers are contained in Mzz or U,(5):2, or the corresponding 
normalizers in HS : 2. 
Finally, in case 19, although it is easy to see that the L,(7) is contained 
in MZ2 and U,(5), it is more difficult to show that the L,(7):2 is not 
maximal in HS, so we use an alternative argument. Since the 2B-elements 
have no square roots in HS, any L,(7) has type (2A, 3A, 7A). Now 
rHS(2A, 3A, 7A) = 5, which is fully accounted for by the three classes of 
&(7):2 in L,(4):2, and the L,(7) in M2, fixing none of the 22 points. 
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D. COMBINATORICS 
In this section we relate the geometry of the Leech lattice to various 
graphs and other combinatorial objects associated with the groups U,(2), 
McL, and HS. In particular, we shall prove the well-known isomorphisms: 
‘233 z HS 
‘223 z McL 
‘222 z U,(2) 
(Several proofs of these isomorphisms exist. For example, it is easy to find 
the orders of the lattice stabilizers and to prove that they are simple, so the 
isomorphisms follow from the classification of finite simple groups. Here we 
give direct proofs and explicit isomorphisms.) 
The Higman-Sims Group I: The Higman-Sims Graph 
We take HS to be the centralizer of the vectors (5, 1, l**) and (1, 5, l**), 
so that a subgroup M2* of symmetries is visible, permuting the last 22 
coordinates. The vertices of the graph correspond to the 100 minimal 
vectors of A which have inner product 3 with each of these two vectors. 
They fall into the following three orbits under M,,: 
(494, o**) Number = 1 
(1, 1, -3, 121) Number = 22 
(2, 2, 26, 0’6) Number = 77 
and two vertices are joined if and only if the corresponding vectors have 
inner product 1. 
Thus the vertices of the graph correspond to one fixed point, the 22 
points permuted by M2*, and the 77 hexads of the Golay code on these 22 
points. Two hexads are joined in the graph if and only if they are disjoint 
as sets. Hence our definition is equivalent to the definition given by 
D.G. Higman and C. C. Sims in [S]. Furthermore, the set of 100 vectors is 
clearly fixed by ‘233, so by order considerations we have ‘233 z HS. Each 
of these vectors extends the fixed 2-space of HS to a 3-space of type 6 in 
the list in Table IV. 
The Higman-Sims Group II: G. Higman’s Geometry 
We take HS to be the centralizer of the vectors (2*, Oi6) and ( 18, $1”) 
so that a group A8 of symmetries is visible. This then gives us the closest 
possible correspondence with Higman’s original definition of his geometry. 
We may define the points and quadrics of the geometry to be those 
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3-spaces in A/2A which are of type 14 in the list in Table IV, and which 
contain the above two vectors. There are 352 such 3-spaces, each of which 
contains two further vectors of type 2. The points are those spaces in which 
the sum of these new vectors is (l*, 5, 1 15): 
{(4,0’,4,0’5), (-3, l’, 1’6)) 
((12, -16, -3, 15, - 1 lo), (22, 06, 26, 0’0) 
Number = 
> Number = 
Total = 
8 
168 
176. 
The quadrics are similarly obtained from the pairs of vectors: 
((4,0’, 4,0’5), (-3, 17, 1’6)) Number= 8 
((12, -16, -3, 15, - 1 ‘O), (22, 06, 26, 0’0)) Number = 168 
Total = 176, 
in which the sum of each pair is (-l’, 5, 1 15). A point is incident with a 
quadric if and only if the inner products of the corresponding vectors are 
even. (It is sufficient to check one of these inner products, as it is easy to 
show that all four have the same parity.) It is now a triviality to verify that 
this is equivalent to the definition given by G. Higman in [5]. 
The McLaughlin Group I: The McLaughlin Graph 
McLaughlin’s definition of his graph in [7] is equivalent to the follow- 
ing. Given a group U,(3), let 9’ be the set of 112 conjugates of a subgroup 
34: A,, and let 9 be the set of 162 conjugates of a subgroup L,(4). Define 
a graph with vertex set 
{*}uYu9 
and the following edges: 
*.Y whenever sE Y 
$182 wheneversiEYands,ns,~3’+4:4 
Sl wheneversESP,IEYandsnfrA, 
1112 whenever li E 9’ and 1, n 1, z A,. 
Now in the Leech lattice we cannot easily see a subgroup U,(3), but we 
can see a subgroup M,, z L,(4), so we complicate the definition by using 
only the symmetries of L,(4). Under L,(4), 9’ breaks up into two orbits of 
size 56, and .Y splits into three orbits, of sizes 1, 56, and 105. It is not dif- 
ficult to see that the collapsed graph is as in Fig. 1, and that the graph may 
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FIGURE 1 
be defined as follows. Take as vertices two fixed points * and @, the 168 
subgroups &, which fall into three orbits &,, &, and dS, and the set ~8 
of 105 Bore1 subgroups of shape 2 2 +4. 3 Then the edges are as given in . . 
Table VIII. 
Incidentally, it is now clear that there is a symmetry of the graph that 
interchanges * with @, and d2 with d3. Hence’the automorphism group 
of the graph is transitive on the vertices. This is (I believe!) the essence of 
McLaughlin’s original proof of the existence of his group. 
We now give another definition of the graph, in terms of the Leech 
lattice. 
We take McL to be the centralizer of the vectors (42, 022) and 
( 12, -3, 12’) so that a group L,(4): 2 is visible as a group of coordinate 
permutations. The vertices of McLaughlin’s graph correspond to the 275 
type 3 vectors which have inner product 3 with both of these vectors. These 
275 vectors fall into 6 orbits under L,(4), as in Table IX. 
TABLE VIII 
The Edges of McLaughlin’s Graph 
Edge Conditions 
*a 
@a 
aI a2 
ala2 
ala2 
ab 
ab 
bib, 
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TABLE IX 
Orbits of L,(4) on Certain Vectors 
Representative Number U,(3)-orbit L,(4)-orbit 
(5, 1*7 1 
k 
* 
(1, 5, l**) 1 8 
(32, -3, - 16, 1’5) 56 Y 4 
(2,4, - 2,26,015) 56 Y 4 
(4,2, -2,26,0’5) 56 Y 4 
(32, - 1, 3, - 14, 1’6) 105 Y 9a 
We now define the graph by joining two vertices if the corresponding 
vectors have inner product 3. It is now clear that one can show, with a 
finite amount of computation in L,(4), that these two definitions of the 
graph are equivalent! 
The McLaughlin Group II: Permuting 2025 Points 
Here the point stabilizer is M,,, and the non-trivial suborbit lengths are 
330, 462, and 1232. The corresponding 2-point stabilizers are Z3:L3(2), 
24:A, and A6. 
In terms of MT2, the vertex set of the graph can be defined as 
{*}uLouAt’u~, where 
0 is the set of octads. 
SF is the set of hexads with a distinguished point. 
.9 is the set of “left” heptads with a distinguished point. 
The edges are rather harder to describe directly in this way. 
In terms of the Leech lattice, the points are the 3-spaces of type 2222334 
(that is, type 6 in Table IV) containing the fixed 2-space of type 223. If we 
take the 2-space spanned by the vectors (-3, 123) and (42, 022) then we 
look for the type 2 vectors which have inner products 2 and 0 with these 
two vectors, respectively. They are as follows: 
(-4, 4,022) 
(0’6, 28) 
(-2, 2, 25, -2,016) 
(-1, 1, 115,3, -16) 
Number = 1 
Number = 330 
Number = 462 
Number = 1232 
Total = 2025. 
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FIGURE 2 
The graph can now be defined by joining two vertices if the corresponding 
type 2 vectors are orthogonal. This graph is shown in Fig. 2. 
The Unitary Group I: Permuting 891 Points 
The unitary group U,(2) permutes the set of 891 isotropic 3-spaces in a 
6-dimensional unitary space over [F4. If we turn this set into a graph by 
joining a pair of isotropic 3-spaces if they intersect in a 2-space, then we 
obtain a graph of valence 42 whose automorphism group contains 
PTU,(2) g U,(2):S,. In fact, I claim that its automorphism group is 
exactly U,( 2) : S, . 
Direct calculations show that the graph has the parameters hown in 
Fig. 3. We will show first that the point stabilizer is 29:L,(4): S,. For the 
42 neighbours of the fixed point fall naturally into 21 pairs, and there are 
various “lines” of 5 such pairs defined by taking a point in the orbit of size 
336 and seeing which 5 pairs it is joined to. Thus these 21 pairs have the 
structure of a projective plane of order 4, which has automorphism group 
PfL,(4) z L,(4) :s,. 
It follows that the action of the point stabilizer on the 42 neighbours is 
an extension of an elementary Abelian 2-group of order at most 221 by 
L,(4):S,. A few more calculations show that it is actually 29:L,(4):S,, 
and also that any automorphism fixing all of these 42 points actually fixes 
every point of the graph. Hence the point stabilizer is 29 : L,(4) : S3. 
@ 
42 
FIGURE 3 
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But the automorphism group of the graph certainly contains U,(2), so 
by order considerations must be U,(2) :S,. 
We now show how to obtain the same graph from the Leech lattice, and 
deduce the isomorphisms 
‘222 z Ug( 2), t222 z U,(2) : s,. 
In the Leech lattice fix the 2-dimensional sublattice spanned by the vectors 
(4, -4,O, O*‘) and (0,4, -4, O’i). Reducing modulo 2 we get a 2-space of 
type 222. Then there are just 891 type 4 vectors extending this to a 3-space 
of type 4222222 (i.e., type 1 in Table IV). These fall into 4 orbits under the 
action of the monomial group 29: L,(4), as follows: 
(8, 023) 
(44,02@) 
(-f&2’, 0’6) 
(5, -3, -3, 12’) 
Number= 1 
Number = 42 
Number = 336 
Number = 5 12 
Total = 891. 
If we join these when their inner product is divisible by 4, then we get a 
graph with the same parameters as in Fig. 3. 
It is now merely a matter of calculation to construct an isomorphism 
between these two graphs. The easiest way to do this is to construct first 
an isomorphism between the point stabilizers 29: L,(4), and then to give 
the image of one point and one edge in each of the orbits under this 
subgroup. 
The Unitary Group II: Permuting 1408 Points 
Since 6 ‘U,(3) has a &dimensional irreducible complex representation 
with character values in +[w], where CD* + w i- 1 = 0, it follows by reducing 
modulo 2 that 3 ‘U,(3) is contained in SU,(2) z 3 ‘U,(2), and indeed that 
U,(3) < U,(2). It turns out that this is a maximal subgroup of index 1408. 
The combinatorial properties of this embedding are rather difficult to see 
in terms of the unitary geometry, but can be investigated quite easily via 
the Leech lattice. 
Fixing a 2-space of type 222 in A/2/1, there are 3 x 1408 3-spaces of a 
certain type 2222233 (that is, type 9 in Table IV) which contain the given 
2-space. Since the sum of the two type 3 vectors is one of the original type 2 
vectors, these 3-spaces fail into three orbits of size 1408 under the action of 
U,(2). Taking the fixed 2-space to be generated by the vectors (4,4,0,0*‘) 
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TABLE X 
Orbits of L,(4) on Certain Pairs of Vectors 
Representative vectors 
Number in Number in 
L,(4)-orbit 29: L,(4)-orbit 
{(4,27, -2,0'5), (4, 22, -25, 2,015)) 336 
560 896 
1 
-la), (-33, 1’3, -18)) 210 
-1’2), (-3),19, -1’2)) 280 
{(5,1’, -1’6),(-33,15, -1’6)} 21 512 
Total = 1408 
and (0,4, -4, 021), the 1408 pairs of type 3 vectors in one of the orbits are 
as in Table X. They fall into two orbits under the monomial group 
29: L,(4), and split further into six orbits under the permutation group 
L,(4) = Mzl. 
Now define a graph on these 1408 points by joining two points if the 
inner products of the corresponding vectors are even. This graph has 
valence 567, as can easily be checked, and its automorphism group is 
U,(2): 2. The point stabilizer is U,(3): 2, which has orbits of sizes 1, 567, 
and 840. These orbits split up as follows on restriction to L,(4): 
567 = 21+ 210 + 336 
840 = 280 + 560 
TABLE XI 
Orbits of 24: A, on Certain Pairs of Vectors 
Representative vectors Number in orbit 
((5, 123), (1, 5, 16, -1’6)) 
{(1,5, l?, (5, l’, -1’6)) 
((4, 24,03,23, -2,oq (2,4,03, 23, -23,2,0'2)} 
{(4,Y,O3, -23,2,0'2), (2,4,03,23, 23, -2,012)) 
I(5, l’, 18, -18), (1,5,16, -18, 18)) 
{(3*, l&,3, -15, l’O), (32,16, -3,15, -1’0)) 
{(32, 1”,3, -19,16x (32.16, -3,19, -16)) 
{(3*, 3, -1, 14, -14,l’Q (32, -1,3,14,14, -1’2)) 
{(3*, 3, -1, 14, -18,18). (32, -1,3,14,18, -18)) 
1 
1 
320 
320 
30 
96 
160 
120 
360 
Total = 1408 
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FIGURE 4 
To determine the other parameters of the graph, we switch to a base in 
which the 2-point stabilizer 24: As is a permutation group. Take the 
2-space to be generated by the vectors (4*, 022) and (2’, P). Then the 
2-point stabilizer is visible as the hexad stabilizer in the group MZ, per- 
muting the last 22 coordinates. It has nine orbits on the vertices of the 
graph, as in Table XI. A few inner product calculations now show that the 
graph is as in Fig. 4. 
The Unitary Group on 20736 Points 
There are 3 x 20736 3-spaces of type 2222334 (that is, type 6 in Table IV) 
containing a given 2-space of type 222. These fall into three orbits of 
size 20736 under the action of U,(2). Taking the 2-space to be spanned by 
the vectors (4, -4,O”) and (-3,1, I”), we look for the 20736 type 2 vec- 
tors which are orthogonal to the first and have inner product I with the 
second of these vectors. These fall into eight orbits under the permutation 
group M2,, as in Table XII. 
TABLE XII 
Orbits of M,, on 20736 Vectors 
Repre~ntative vector 
(4,4, 022) 
(0, 0,4*, 020) 
(2, 2,26,0’6) 
(0, 0, 26, - 22,oy 
(2,2,22, - 24,016) 
(l,l, -3,19, -1’2) 
(1 1 3 -1’ 1’4) 
(1: 113: -P’16) 
Number in Orbit 
1 
231 
77 
9240 
1155 
6160 
2640 
1232 
Total = 20736 
408 ROBERT A. WILSON 
REFERENCES 
1. J. H. CONWAY, A group of order 8, 315, 553, 613, 086, 720,000, Bull. London Mufh. Sot. 
1 (1969), 79-88. 
2. J. H. CONWAY, A ~haracte~zation of the Leech lattice, Znvent. Math. 7 (1969), 137-142. 
3. J. H. CONWAY, R. T. CURTIS, S. P. NORTON, R. A. PARKER, AND R. A. WILSON, 
“An ATLAS of Finite Groups,” Oxford Univ. Press, London, 1985. 
4. L. FINKELSTEIN, The maximal subgroups of Conway’s group C3 and McLaughlin’s group, 
J. Algebra 25 (1973), 58-89. 
5. D. G. HIGMAN AND C. C. SIMS, A simple group of order 44, 352,000, d&h. Z. 105 (1968), 
110-113. 
6. G. HIGMAN, On the simple group of D. G. Higman and C. C. Sims, Illinois J. Math. 13 
(1969), 7480. 
7. J. MCLAUGHLIN, A simple group of order 898, 128,000, in “The Theory of Finite Groups” 
(Brauer and Sah, Eds.), pp. 109111. Benjamin, New York, 1969. 
8. S. S. MAGLIVEXAS, The subgroup structure of the Higman-Sims simple group, Bull. Amer. 
Math. Sm. 77 (1971), 535-539. 
9. R. A. WILSON, Maximal subgroups of some finite simple groups, Ph.D. thesis, Cambridge, 
1982. 
10. R. A. WILSON, The maximal subgroups of Conway’s group.2, J. Afgebru 84 (1983), 
107-114. 
11. R. A. WILSON, The maximal subgroups of Conway’s group Co,, J. Algebra 85 (1983), 
144-165. 
12. R. A. WILSON, Maximal subgroups of automorphism groups of simple groups, J. London 
Math. Sot. (2) 32 (1985), 460-466. 
